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A method of constructing 3-dimensional hyperbolic manifolds is described. Because
of their high degree of symmetry, these may be suitable models for a finite uni-
verse. Because their group of symmetries is different from any in the list of manifolds
given in Hodgeson and Weeks (available at ftp://ftp.northnet.org/pub/weeks/snappea/
closedcensus), it is claimed that these are new.
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In a paper inScientific AmericanLuminet, Starkman, and Weeks (1999)
ask, “Is space finite?” And it is generally accepted that the local geometry of
space should be hyperbolic. Yet no examples of finite 3-dimensional hyperbolic
spaces with much symmetry are known. The examples given in the web site
ftp://ftp.northnet.org/pub/weeks/snappea/closedcensus have very restricted groups
of Automorphisms, none, in fact, approaching 60 which is the order ofA5 which
is, somehow, inextricably contained in the groups of the manifolds presented here.
This seems to be, because the ones considered there appear to be constructed by
identifying opposite faces of a polyhedron. The ones here are of a completely
different type. Their Automorphism Group acts transitively on the points and at
each point acts just as does the full Automorphism Group of Hyperbolic 3-space,
which is the same as the action at a point of the Automorphism Group of Euclidean
3-space, i.e., as the Orthogonal GroupO3.

The construction begins with 3-dimensional hyperbolic space,H3. It is well
known that this space can be tessellated by a special type of dodecahedron: Each
of the 12 pentagons on its surface has each of its angles a right angle. At each
vertex, 6 edges, 12 faces, and 8 dodecahedra come together, each edge has two
end points, and is incident with four faces and four dodecahedra, each face has
five vertices, five edges, and is the face of two dodecahedra. At each vertex, the

1 All calculations reported in the paper were carried out using John Cannon’s Algebraic Computations
package MAGMA (Bosmaet al., 1997).

2 Department of Mathematics, University of Auckland, Private Bag 92019, Auckland, New Zealand;
e-mail: lorimer@math.auckland.ac.nz.
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Geometry is, locally, the same as the tessellation of 3-dimensional space by cubes,
but the curvature of the space allows the solids to be dodecahedra.

The group of this tessellation is described in terms of flags.

Definition. An incident (point, edge, face, solid) four-tuple of the tessellation is
called a flag.

Definition. Let (v,e, f,s) be one of the flags anda,b,c,d be the unique reflections
of H3 defined by the requirements:

a fixesv, e, f and movess onto the other dodecahedron havingf as a face.
b fixesv, e, s and movesf onto the other face ofs havinge as an edge.
c fixesv, f, s and movese onto the other edge off havingv as vertex.
d fixese, f, s and movesv onto the other vertex ofe.

It is not hard to see thata,b,c,d satisfy the relations:

a2 = b2 = c2 = d2 = (ab)4 = (bc)3 = (cd)5 = (ac)2 = (ad)2 = (bd)2 = 1.

This group, which is called the Coxeter Group [4,3,5] is, in fact, a complete
description of the group of the tessellation.

Now, let [4,3,5] be a Group generated bya,b,c,d which satisfies, among
others, these relations, but which is such that the extra relations do not destroy any
of the original ones: i.e., in the group, all these relations are satisfied faithfully:
i.e., a has order 2,. . .ab has order 4, and so on. Then the quotient structureQ of
H3 is a manifold which can be constructed as follows:

For each right coset of〈b,c,d〉 in [4,3,5], Q is to have one dodecahedron of the
type of the tessellation.

For each right coset of〈a,c,d〉 in [4,3,5], Q is to have one pentagon of the type of
the tessellation and〈a,c,d〉g is incident with the dodecahedron〈b,c,d〉h if and
only if

〈a,c,d〉gh−1〈b,c,d〉 = 〈a,c,d〉〈b,c,d〉.
For each right coset of〈a,b,d〉 in [4,3,5], Q is to have an edge of the type of the

tessellation and〈a,b,d〉g is incident with the face〈a,c,d〉h if and only if

〈a,b,d〉gh−1〈a,c,d〉 = 〈a,b,d〉〈a,c,d〉.
For each right coset of〈a,b,c〉 in [4,3,5], Q is to have a vertex of the type of the

tessellation and〈a,b,c〉g is incident with the edge〈a,b,d〉h if and only if

〈a,b,c〉gh−1〈a,b,d〉 = 〈a,b,c〉〈a,b,d〉.
In this way the structure of a manifold is built up. To see this, notice, for example
that the dodecahedron〈b,c,d〉g has, as its faces, all those of the form〈a,c,d〉h such
that

〈b,c,d〉gh−1〈a,c,d〉 = 〈b,c,d〉〈a,c,d〉



P1: GDW

International Journal of Theoretical Physics [ijtp] pp543-ijtp-376827 July 12, 2002 16:34 Style file version May 30th, 2002

Models for a Finite Universe 1203

There is thus one for each right coset of〈c,d〉 in 〈b,c,d〉, i.e., one for each face of
the dodecahedron fixed by〈b,c,d〉.

This describes a method of constructing a manifold consisting of a finite
number of dodecahedra from the finite group [4,3,5].

Alternatively, the manifold can be described as the quotient structure induced
on H3 by the homomorphism [4,3,5] → [4,3,5] defined bya→ a, b→ b, c→
c, d→ d.

The group [4,3,5] acts on the tessellation by right multiplication: for example,
the edge〈a,b,d〉hg is adjacent to the face〈a,c,d〉kg if and only if 〈a,b,d〉hg(kg)−1

〈a,c,d〉 = 〈a,b,d〉〈a,c,d〉 if and only if 〈a,b,d〉hk−1〈a,c,d〉 = 〈a,b,d〉 if and only if
〈a,b,d〉h is adjacent to〈a,c,d〉k.

There is one obvious method of obtaining such a finite group: add suitable
relations to the ones for [4,3,5]. For example you might try adding (abcd)n = 1
for somen. This does not give a satisfactory answer for any value ofn. Values
up to 10 give groups which do not represent the relations exactly, and values ofn
above 10 give groups which are either sobig that MAGMA cannot handle them
or are infinite.

However, there is a more fruitful method. The Low Index Subgroups Algo-
rithm will give you all the subgroups of a finitely presented groupG of a given
index. If you have a subgroupH of indexn, then the representation ofG on the
right cosets ofH will give you a subgroup,G, of the Symmetric Group of indexn,
which satisfies the relations ofG and others. If the others are not too restrictive,
the relations in the old group will be faithfully represented in the new group.

Applying the algorithm in MAGMA toG at index 120 leads to 45,991 po-
tential manifolds. Of course, any number will do in place of 120, but 120 is a
particularly fruitful number: Those groups in which the subgroupH is comple-
mentary to the stabilizer of one of the dodecahedra of the original tessellation give
rise to an orbifold structure which was the subject of Lorimer (1995).

Rather than give details for a bewildering number of groups, I set out to find
one of each order. The others of that order may or may not be isomorphic to the
chosen one. At least, the spaces from different orders have different volume and
are not isometric.

However, the procedure when carried out on a Sun Enterprise 4000, crashed
after 24 days when fewer than 9000 of the groups had been processed. The details of
the resulting 201 groups are given, probably enough for present requirements. The
table gives the order, its prime factorization, and a composition series for the group.
A copy of the MAGMA program and a limited amount of the output can be viewed
on the author’s web site: http:www.math.auckland.ac.nz/∼lorimer. And, finally, in
this introduction, some facts about the manifolds and their groups are as follows:

(1) Although the manifold is made up of dodecahedra, they are in no way
present in the final structure. They disappear in the uniformity of the
construction, i.e., each point in it has as a neighbourhood an open set of
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H3, a vertex has eight octants, an edge has four quadrants, and a face has
two hemispheres incident with it. They have no physical presence, and it
makes no sense to look for them.

(2) The groupG acts as a group of the manifold by right multiplication and
has order 120× number of dodecahedra in the manifold.

(3) The volume of the manifold is equal to the volume of one of the dodec-
ahedra times the order of the group divided by 120.

(4) The full group of the manifold acts transitively on its points and the
stabilizer of each point acts on it in the same way as the stabilizer of a
point in H3, which is the same as the action of the symmetry group of
3-D Euclidean space at a point, i.e., it is the orthogonal groupO3(R).

(5) None of these manifolds are contained in the list in Hodgeson and Weeks,
because none of them have an Automorphism Group of order even ap-
proaching 120 which is the order ofA5, a group which is tied, inextricably,
into the groups here.

(6) It is thought that because of their uniformity, that these manifolds might
make a better model of the Universe than any in that list.

(7) Each homomorphism of [4,3,5] onto one of the groups [4,3,5] implies the
existence of a normal subgroup of[4,3,5] having [4,3,5] as its quotient
group. As the intersection of two normal subgroups is also normal, the
quotient of the intersection of any two of these normal subgroups in[4,3,5]
is also a normal subgroup, and its quotient group is of the same type, but
of larger order, thus giving rise to a manifold of greater volume than either
of them. And so is the quotient group of the intersection of any three of
them, or any four, or for that matter of all of the groups in the table, or
even all of the 45,990 groups in the original list, a group of unimaginably
huge order leading to a manifold of unimaginably huge volume.

(8) It is worth noting, in passing, that none of the manifolds are simply con-
nected, because any extra relation beyond the basic 10 implies a loop in
the space which cannot be reduced by homotopy.

The Groups: Each box contains

The number of the group in the list
Its order
The prime factorization of its order
A composition series of it fromG down to 1

Notation:

Zn is the cyclic group of ordern.
An is the alternating group of degreen.
PSL(2,q) is the special projective linear group over the field of orderq.
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Sp(6,2) is the simple group of order 1,451,520, which is the 6-dimensional sym-
plectic group over the field of order 2.
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